Fixed Point theorems in partial metric spaces, weak partial metric spaces and metric-like spaces have been the subject of recent work, with the interest generated in partial metric spaces and its extension/s (as a suitable structure for studies in theoretical computer science). Several approaches to fixed point theory for point-valued functions on complete metric spaces have been generalized to partial metric spaces, weak partial metric spaces, and dislocated quasi-metric spaces (see, for instance, Alghamdi [1], Ahmed [2]). For set-valued functions, substantial work may still be done to generalize the theory in the setting of partial metric spaces, and other weaker metric-like spaces, which are encountered in applications to areas such as theoretical computer science. Recently, M.A. Ahmed [2] established a theorem on fixed points for continuous dq-closed valued multifunctions which are generalized k-contractions on a complete subspace of a dq-metric space. In this paper we take off from Ahmed and proceed to establish a similar result but with a more general contraction condition as well as a weaker condition of uppersemicontinuity of the multivalued mapping. As a consequence of our generalization, we are able to include as special cases the theorem of Ahmed.
Introduction
Banach's fixed point theorem for contraction mappings on complete metric spaces is a key result used in theoretical and applied mathematics. For instance, establishing the existence of solutions to differential and integral equations is made possible through an application of the theorem to the appropriate function space. Subsequent work in Fixed Point Theory has given rise to many generalizations of Banach's theorem. Of note is the generalization of Nadler [14] to multifunctions on metric spaces satisfying a contraction condition. Some recent treatments and extensions of fixed point theorems for multivalued functions are given in [2] , [3] , and [4] .
The concept of partial metric spaces as a generalization of metric spaces was introduced in 1994 by Mathews [12] , in his treatment of denotational semantics of dataflow networks. For partial metric spaces, self-distance need not be 0. Some applications of partial metrics to problems in theoretical computer science, including the use of fixed point theorems to determine program output from partially defined information, are cited in X. Huang et al [8] and references therein. Heckmann [13] further generalized this notion to that of weak partial metric spaces. As it turns out, yet other generalizations are possible, on considering other distance spaces, such as dislocated quasi-metric spaces.
In [4] we used the approach of Damjanovic et al [5] who looked into pairs of multi-valued and single-valued maps in complete metric spaces, and used coincidence and common fixed points, to establish a theorem on fixed points for pairs of multivalued functions. In that paper, we proved a similar result, in the setting of partial metric spaces. In a recent paper by Ahmed [2] , dislocated quasi-metric spaces (a class of spaces which include partial metric spaces, satisying even weaker conditions) are defined, and a fixed point theorem for continuous generalized k-contractions on dislocated quasi-metric spaces is established. In this paper we proceed to establish a similar result but with a more general contraction condition as well as a weaker condition of upper-semicontinuity on the multivalued mapping. As a consequence of our generalization, we are able to include as special cases the theorem of Ahmed.
The paper is organized as follows. In Section 2, some basic definitions which will be used later in the paper are provided. In Section 3, we present the main theorem and some corollaries.
Preliminaries
Definition 2.1 Let X be a nonempty set. A function d : X × X → + is said to be a metric on X if for any x, y, z ∈ X, the following conditions hold:
Definition 2.2 Let X be a nonempty set. A function p : X × X → + is said to be a partial metric on X if for any x, y, z ∈ X, the following conditions hold:
The pair (X, p) is then called a partial metric space.
If p(x, y) = 0, then x = y. But the converse does not always hold. A standard example of a partial metric space is the pair ( + , p), where p :
+ is defined as p(x, y) = max{x, y}. It is noted that any partial metric space is d-metric, and any d-metric is dq-metric.
In the sequel, X will refer to a dq-metric space with distance function d. Following Ahmed, for B ⊂ X, define the following
Definition 2.4 The dq-closure of A is given by (dq-cl)(A)
Definition 2.5 A sequence {x n } in a dq-metric space (X, d) converges to a point x ∈ X if and only if lim n→∞ d(x n , x) = 0 or lim n→∞ d(x, x n ) = 0. Definition 2.6 Let (X, d) be a dq-metric space. (a) A sequence {x n } in X is said to be a Cauchy sequence if lim n,m→∞ d(x n , x m ) exists and is finite. (b) (X, d) is said to be complete if every Cauchy sequence x n in X converges to a point x ∈ X From Ahmed, we have the following theorems: Theorem 2.7 Let (X, d) be a dq-metric space. Then every convergent sequence in X is Cauchy.
Theorem 2.8 Let (X, d) be a dq-metric space. If {x n } is a sequence in X converging to x ∈ X, then every subsequence of {x n } converges to x.
The proofs are similar to that given for partial metric spaces. Finally, we define upper-semicontinuity for multivalued mappings:
X is upper-semicontinuous if for every sequence {x n } converging to x in X, and for all y n ∈ F (x n ) for which y n → y, then y ∈ F (x).
Main Results
The version of the following lemma for partial metric spaces was proven in Aydi [3] . The proof for this lemma is the same as that in Aydi. Using this, we now give our main result: Theorem 3.2 Let (X, d) be a complete dq-metric space and let T : X → CB(X) be a multi-valued map that is upper-semicontinuous. Suppose that for all x, y ∈ X, H(T x, T y) ≤ αd(x, y)+β[d(x, T x)+d(y, T y)], α, β ≥ 0 and 0 < α+2β < 1. Then, there exists u ∈ X such that u ∈ T (u).
In the above theorem, CB(X) refers to closed and bounded subsets of X. Boundedness in dq-metric spaces are the same as in ordinary metric spaces, i.e, A ⊆ X is bounded if and only if there is some v ∈ A and a finite M such that for all a ∈ A, d(v, a) ≤ M. Proof Since 0 < α + 2β < 1, there exists r > 0 such that α + 2β < √ r < 1.
. clearly, 0 < θ < 1. Let x 0 ∈ X. There exists x 1 ∈ X with x 1 ∈ T (x 0 ). From the Lemma, we can find
Hence, d(x 1 , x 2 ) ≤ θd(x 0 , x 1 ). Using the same argument, we find
. Applying the argument repeatedly, we get x n+1 ∈ T (x n ) for which
Hence, lim n,m→∞ d(x n , x m ) = lim n,m→∞ d(x m , x n ) = 0. Consequently, {x n } is a Cauchy sequence, and by completeness of X, a limit u ∈ X exists. The subsequence {x n+1 } is also Cauchy and is convergent to the same limit u. Invoking the upper-semicontinuity of T , we get u ∈ T (u).
Corollary 3.3
The theorem here established has, as a special case, the result of Ahmed.
Corollary 3.4 A result, applied to continuous single-valued functions on a dq-metric space satisfying the same contractive condition also holds. A further special case of this would result in Banach's fixed point theorem on dq-metric spaces.
